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E-mail address: llke@bjtu.edu.cn (L.-L. Ke).The two-dimensional thermoelastic sliding frictional contact of functionally graded material (FGM)
coated half-plane under the plane strain deformation is investigated in this paper. A rigid punch is sliding
over the surface of the FGM coating with a constant velocity. Frictional heating, with its value propor-
tional to contact pressure, friction coefﬁcient and sliding velocity, is generated at the interface between
the punch and the FGM coating. The material properties of the coating vary exponentially along the
thickness direction. In order to solve the heat conduction equation analytically, the homogeneous
multi-layered model is adopted for treating the graded thermal diffusivity coefﬁcient with other thermo-
mechanical properties being kept as the given exponential forms. The transfer matrix method and Fourier
integral transform technique are employed to convert the problem into a Cauchy singular integral equa-
tion which is then solved numerically to obtain the unknown contact pressure and the in-plane compo-
nent of the surface stresses. The effects of the gradient index, Peclet number and friction coefﬁcient on
the thermoelastic contact characteristics are discussed in detail. Numerical results show that the distri-
bution of the contact stress can be altered and therefore the thermoelastic contact damage can be mod-
iﬁed by adjusting the gradient index, Peclet number and friction coefﬁcient.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Functionally graded materials (FGMs) are usually a mixture of
two distinct material phases with continuously varying volume
fractions of constituent materials, hence their effective material
properties change in a continuous and smooth manner. Used as
coatings or interfacial zones, they can reduce the magnitude of
residual and thermal stresses, mitigate stress concentration and
increase fracture toughness (Suresh and Mortensen, 1998). In the
past few years, the contact behaviors of FGMs have been concerned
by many investigators. Many experimental and numerical results
have shown that a properly controlled material property gradient
in the FGM can lead to a signiﬁcant improvement in the resistance
to contact deformation and damage (cf. Suresh et al., 1999; Pender
et al., 2001; Suresh, 2001). Giannakopoulos and Suresh (1997a,b)
considered the axisymmetric contact problems of the graded
half-space subjected to the ﬂat, spherical and conical indenters,
respectively. Guler (2001, 2004, 2006, 2007) examined the fric-
tional contact problems of the FGM coated substrate acted by a
rigid punch or contact problems between two deformable elastic
solids with graded coatings. Wang and his co-authors developed
the linear multilayered model to analyze the plane (Ke and Wang,ll rights reserved.
: +86 10 51682094.2006, 2007a), axisymmetric (Liu and Wang, 2009) and fretting (Ke
and Wang, 2007b,c, 2010) contact problems of FGMs. They dis-
cussed the potential application of the FGM coating to modify
the contact damage and fretting fatigue under the condition of slid-
ing and fretting. El-Borgi and his co-authors solved the plane and
axisymmetric receding contact problems of FGMs (El-Borgi et al.,
2006; Rhimi et al., 2009) and the partial slip contact of FGMs
(Kallel-Kamoun et al., 2010; Elloumi et al., 2010). Recently, Dag
et al. (2009) developed the analytical and computational methods
for contact mechanics analysis of FGMs with the elastic gradient in
the lateral direction. Choi and Paulino (2010) analyzed the coupled
plane elastic problems of crack/contact mechanics for a coating/
substrate system with functionally graded properties.
It should be pointed out that the above studies have not taken
into account the thermal effect on the contact behaviors of FGMs.
Actually, in the sliding frictional contact problems, a signiﬁcant
amount of frictional heating may be generated due to the frictional
sliding between the two contact bodies, which in turn leads to the
thermoelastic distortion and contact damage at the contacting sur-
face. In addition, temperature rise induced from the sliding fric-
tional contact may considerably inﬂuence the performance of the
FGM coated structures. For instance, a severe temperature rise
may cause surface deterioration, oxidation, or even melting in
some cases (Shi, 2001). Indeed, the aforementioned works have
demonstrated that FGMs have the potential to reduce the
(a)
(b)
Fig. 1. Schematic map of the thermoelastic contact problem for an FGM coated half-
plane (a) and the homogeneous multi-layered model for the FGM coating (b).
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we believe that FGM coating may be used as protective layers to
avoid the thermoelastic contact damage and thus motivate us to
investigate the thermoelastic contact of FGMs.
For homogeneousmaterials, the thermoelastic contact problems
have been extensively investigated (cf. Barber, 1976; Barber and
Comninou, 1989; Hills and Barber, 1985a,b; Hills et al., 1993;
Grylitsky and Pauk, 1995; Kulchytsky-Zhyhailo and Yevtushenko,
1998Kulchytsky-Zhyhailo, 2001; Shi, 2001; Ciavarella and Barber,
2005). However, very limited literatures are available concerning
the thermoelastic contact of FGMs. Choi and Paulino (2008) ana-
lyzed the thermoelastic contact problem between a rigid ﬂat punch
and FGM coating/substrate system. Barik et al. (2008) studied the
stationary plane contact of a functionally graded heat conducting
punch sliding over the rigid insulated half-planewith consideration
of the heat radiation outside the contact region. Shahzamanian
et al. (2010a, examined the thermoelastic contact of a functionally
graded rotating brake disk with heat source due to contact friction
using the ﬁnite element method. Liu et al. (2011) reported a brief
and preliminary study on the thermoelastic contact between a rigid
cylindrical punch and an FGM coated half-plane. In their paper, the
thermal diffusivity coefﬁcient was treated as a constant for mathe-
matical convenience.
In this paper, the two-dimensional thermoelastic sliding fric-
tional contact of the FGM coated half-plane under the plane strain
deformation is investigated. A rigid punch slides over the surface of
the FGM coating with a constant velocity. Frictional heating, with
its value proportional to contact pressure, friction coefﬁcient and
sliding velocity, is generated at the interface between the punch
and FGM coating. The material properties of the coating vary expo-
nentially along the thickness direction. In order to solve the heat
conduction equation analytically, the homogeneous multi-layered
model is adopted for treating the graded thermal diffusivity coefﬁ-
cient with other thermomechanical properties being kept as the
given forms. The transfer matrix method and Fourier integral
transform technique are employed to convert the problem into a
Cauchy singular integral equation which is then solved numeri-
cally to obtain the unknown contact pressure and the in-plane
component of the surface stresses. A parametric study is conducted
to highlight the effects of the gradient index, Peclet number and
friction coefﬁcient on the distributions of the surface contact stres-
ses and temperature.
2. Formulation of the thermoelastic contact problem
Consider the thermoelastic contact problem shown in Fig. 1(a). A
rigid insulated punch slides over the surface of an FGM coated half-
plane with a constant velocity, V, in the negative x-direction. The
present contact problem is considered in the moving coordinate
system (x, y) attached to the punch. The punch is pressed to the
FGM coated half-plane by a resultant normal force P to form a con-
tact region b 6 x 6 a. A frictional tangential force Q = fP, with f
being the friction coefﬁcient, is developed at the contacting
interface by the Coulomb-type friction. And also, due to the sliding
motion of the punch, the tangential traction q(x) is directly propor-
tional to the normal contact pressure p(x) through f within the
contact region. It is assumed that all the friction-induced heat is
conducted from the contact surface down to the inside of the struc-
ture, and that the area outside the contact region is both thermally
insulated and traction-free. The surface heat ﬂowH is related to the
surface friction, contact pressure and sliding velocity by
HðxÞ ¼ fVpðxÞ; b 6 x 6 a: ð1Þ
The thermo-mechanical properties of the FGM coating vary along
the thickness direction according tolðyÞ ¼ l1eb1y; b1 ¼  lnðl2=l1Þ=h; ð2aÞ
kðyÞ ¼ k1eb2y; b2 ¼  lnðk2=k1Þ=h; ð2bÞ
aðyÞ ¼ a1eb3y; b3 ¼  lnða2=a1Þ=h; ð2cÞ
kðyÞ ¼ k1eb4y; b4 ¼  lnðk2=k1Þ=h; ð2dÞ
where l, k, a and k are the shear modulus, thermal conductivity
coefﬁcient, thermal expansion coefﬁcient and thermal diffusivity
coefﬁcient, respectively; h is the thickness of the FGM coating; sub-
scripts ‘‘1’’ and ‘‘2’’ refer to the surface of the FGM coating and the
homogeneous half-plane. Poisson’s ratio m is assumed constant for
simplicity because the effect of Poisson’s ratio is insigniﬁcant for
most materials (Dag et al., 2007; Guo and Noda, 2008).2.1. Temperature ﬁelds
If the punch is sliding with a constant velocity, the tempera-
tures will very soon approach the steady-state values. Then the
heat conduction equation that governs the steady-state tempera-
ture ﬁeld of the FGM coating can be written as (Grylitsky and Pauk,
1995; Ling et al., 2002; Watremetz et al., 2007)
@
@x
kðyÞ @T
@x
 
þ @
@y
kðyÞ @T
@y
 
¼ kðyÞV
kðyÞ
@T
@x
; h 6 y < 0; ð3Þ
where T is the coating temperature; k(y) = k(y)/q(y)cp(y) is the ther-
mal diffusivity coefﬁcient which indicates how fast the heat diffuses
in the medium; cp is the speciﬁc heat; and q is the mass density. In
fact, we have included the convective term on the right-hand side of
the heat conduction equation. The velocity in this heat conduction
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into Eq. (3) yields
r2T þ b2 @T@y ¼
V
kðyÞ
@T
@x
; h 6 y < 0: ð4Þ
Note that V/k(y) in Eq. (4) is a nonlinear function of y, making it very
difﬁcult to solve Eq. (4) analytically. It should be pointed out that, in
previous works concerning the thermoelastic problems of FGMs (Jin
and Noda, 1994; Shodja and Ghahremaninejad, 2006), the thermal
diffusivity coefﬁcient is treated as a constant for mathematical con-
venience. However, for general graded materials, thermal diffusivity
coefﬁcient is not constant but graded through the layer. To over-
come this difﬁculty, the well-known homogeneous multi-layered
model (Itou and Shima, 1999; Yang et al., 2009) shown in
Fig. 1(b) is used in this study to model the thermal diffusivity coef-
ﬁcient k(y) which varies as an exponential function in the thickness
direction. In this model, the FGM coating is divided into N sub-lay-
ers with equal thickness (hj = jh/N, j = 1,2, . . . ,N). The thermal dif-
fusivity coefﬁcient in the jth sub-layer (denoted by kjÞ is a constant
equal to the real one of k at the sub-interface, y = hj1, i.e.,
kj ¼ kðhj1Þ; j ¼ 1;2; . . .N: ð5Þ
The other thermomechanical properties are kept as the given forms
in Eqs. (2a)–(2c). Therefore, according to Eq. (4), the heat conduc-
tion equation for each sub-layer is re-written as
r2Tj þ b2 @Tj@y ¼
V
kj
@Tj
@x
; hj < y 6 hj1; j ¼ 1;2; . . .N: ð6Þ
The steady-state heat conduction equation of the homogeneous
half-plane is
r2TNþ1 ¼ VkNþ1
@TNþ1
@x
; y 6 h; ð7Þ
where the subscript N + 1 denotes the homogeneous half-plane.
Applying Fourier transform to Eqs. (6) and (7) with respect to x,
we obtain
d2eT j
dy2
þ b2
deT j
dy
 s2 þ isVkj
 eT j ¼ 0; ð8Þ
d2eTNþ1
dy2
 s2 þ isVkNþ1
 eTNþ1 ¼ 0; ð9Þ
where ‘‘’’ indicates the Fourier transform; and s is the transform
variable. The solutions to Eqs. (8) and (9) areeT j ¼ Aj1etj1y þ Aj2etj2y; eTNþ1 ¼ ANþ1etNþ1y; j ¼ 1;2; . . .N; ð10Þ
where Aj1, Aj2 and AN+1 are unknown coefﬁcients;
tj1;j2 ¼ b2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b22 þ 4 s2 þ isV=kj
 q 
=2; tNþ1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ isV=kNþ1
q
:
The system is subjected to a temperature ﬁeld with the following
boundary conditions
 k1 @T1
@y
¼ HðxÞ; y ¼ 0; ð11Þ
@Tj
@y
¼ @Tjþ1
@y
; Tj ¼ Tjþ1; y ¼ hj; j ¼ 1;2; . . .N: ð12Þ
In the transformed domain, Eqs. (11) and (12) can be written in the
matrix form as
½0 1 ½H1ðs;0Þ ¼ 
eHðsÞ
k1
; ð13Þ
½Hj  ½Hjþ1 ¼ 0; ð14Þwhere
½Hjðs; yÞ ¼ ½Kjðs; yÞfAjg; ½Kjðs; yÞ ¼
etj1y etj2y
tj1etj1y tj2etj2y
 
;
fAjg ¼ fAj1;Aj2gT;
with the superscript ‘‘T’’ denoting the transposition of a matrix.
Eqs. (13) and (14), upon substitution of Eq. (10), may yield the
expression of {Aj} in terms of the heat ﬂux eHðsÞ:
½Aj ¼ ½Wj11½WN½F1
eHðsÞ
k1
; ð15Þ
with
½Wj ¼ ½Kjðs; hjÞ1½Kjþ1ðs;hjÞ; ½Wj ¼ ½W0½W1½W2 . . . ½Wj;
½F ¼ ½0 1½K1ðs;0Þ½WN ; ½W0 ¼ ½W0:
Substituting Eq. (15) into Eq. (10) and taking the inverse Fourier
transform, we have
Tjðx; yÞ ¼ 12p
Z þ1
1
½1 0½Zðs; yÞ eHðsÞeisxds; ð16Þ
where
½Zðs; yÞ ¼  1
k1
½Kjðs; yÞ½Wj11½WN½F1:2.2. Thermoelastic stress and displacement ﬁelds
As mentioned above, the velocity in the heat conduction equa-
tion can be taken as an arbitrary value. However, in the analysis of
the thermal stress problem, we only consider a sliding velocity
which is far slower than the Rayleigh wave speed of the coated
half-plane, and thus the effect of the inertia terms could be ne-
glected (Shi, 2001).
In the plane strain state, the thermoelastic constitutive law for
the jth layer gives
exxj ¼ 1 v i2lj
rxxj  v i1 v i ryyj
 
þ ð1þ v iÞajTj;
eyyj ¼ 1 v i2lj
ryyj  v i1 v i rxxj
 
þ ð1þ v iÞajTj;
cxyj ¼
1
lj
rxyj; j ¼ 1;2; . . .N;
ð17Þ
where i = 1, 2; and v1 and v2 correspond to Poisson’s ratio of the
FGM coating and the homogeneous half-plane, respectively.
The equation of compatibility requires
@e2xxj
@y2
þ @e
2
yyj
@x2
¼ @c
2
xyj
@x@y
: ð18Þ
Let the Airy stress function Fj(x, y) be related to the stresses via
rxxj ¼ @
2Fj
@y2
; rxyj ¼  @
2Fj
@x@y
; ryyj ¼ @
2Fj
@x2
: ð19Þ
Then substitution of Eqs. (17) and (19) into Eq. (18) yields the com-
patibility equations governing the thermomechanical behavior of
each sub-layer and homogeneous half-plane (Yang et al., 2009):
r4Fj  2l
0
l
@3Fj
@y3
þ @
3Fj
@x2@y
 !
 ll
00  2l02
l2
@2Fj
@y2
 v1
1 v1
@2Fj
@x2
" #
¼ 2lK1r2ðaTjÞ; ð20Þ
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where ()0 = d()/dy andKi = (1 + vi)/(1  vi), i = 1, 2. Applying Fourier
transform to Eqs. (20) and (21) with respect to x, we obtain
d4eF j
dy4
 2b1
d3eF j
dy3
þ b21  2s2
 d2eF j
dy2
þ 2b1s2
deF j
dy
þ s4 þ s2b21d2
 eF j
¼ Dj1Aj1erj1y þ Dj2Aj2erj2y; ð22Þ
d4eF 4Nþ1
dy4
 2s2 d
eF 2Nþ1
dy2
þ s4eFNþ1 ¼ DNþ1ANþ1etNþ1y; ð23Þ
where
Dj1 ¼ 2l2a2K1 ð2b3  b2Þtj1 þ b23 þ isV=kj
 	 

;
Dj2 ¼ 2l2a2K1 2b3  b2ð Þtj2 þ b23 þ isV=kj
 	 

;
DNþ1 ¼ 2isl2a2K2V=kNþ1; d2 ¼ v1=ð1 v1Þ;
rj1 ¼ b1 þ b3 þ tj1; rj2 ¼ b1 þ b3 þ tj2:
Solutions to Eqs. (22) and (23) take the form of
eF j ¼ Bj1en1y þ Bj2en2y þ Bj3en3y þ Bj4en4y þ Bpj1erj1y þ Bpj2erj1y; ð24ÞeFNþ1 ¼ BNþ1;1ejsjy þ BNþ1;2yejsjy þ BpNþ1etNþ1y; ð25Þ
where Bjl (l = 1, 2, 3, 4), BN+1,1 and BN+1,2 are unknown coefﬁcients;
and the terms with the subscript ‘‘p’’ are particular solutions given
by,
Bpj1 ¼ Dj1Aj1ðb1 þ b3 þ tj1Þðb3 þ tj1Þ  s2
	 
2 þ s2b21d2 ;
Bpj2 ¼ Dj2Aj2ðb1 þ b3 þ tj2Þðb3 þ tj2Þ  s2
	 
2 þ s2b21d2 ; ð26Þ
BpNþ1 ¼ DNþ1ANþ1ðt2Nþ1  s2Þ2
; ð27Þ
and nm (m = 1, 2, 3, 4) satisﬁes the following characteristic equation
n2m  s2  b1nm
 2 þ b21s2d2 ¼ 0; ð28Þ
with
ðn1;n2Þ ¼ 12 b1 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b21 þ 4 s2 þ isb1dð Þ
q 
;
ðn3;n4Þ ¼ 12 b1 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b21 þ 4 s2  isb1dð Þ
q 
: ð29Þ
The transformed displacement and stress components of each sub-
layer can be written in the matrix form as
fSjg ¼ ½Ujðs; yÞfBjg þ ½Wjðs; yÞfBpjg þ ½Xjðs; yÞ; ð30Þ
where
fSjg ¼ ½~uxj; ~uyj; ~rxyj; ~ryyjT; fBjg ¼ fBj1;Bj2; Bj3; Bj4gT;
fBpjg ¼ fBpj1;Bpj2gT;
½Ujðs; yÞ ¼ Uj1mðs; yÞ;Uj2mðs; yÞ;Uj3mðs; yÞ;Uj4mðs; yÞ
h iT
;
½Wjðs; yÞ ¼ Wj1lðs; yÞ;Wj2lðs; yÞ;Wj3lðs; yÞ;Wj4lðs; yÞ
h iT
;
½Xjðs; yÞ ¼ ð1þv1ÞaðyÞ
is
eT jðs; yÞ ð1þv1Þs2 d aðyÞeT jðs;yÞ	 
dy 0 0
 T
;with
Uj1m ¼ 
ð1 v1Þn2m
s
þ v1s
 
ienmy
2lðyÞ ;
Uj2m ¼
ð1 v1Þn3m
s2
 b1n
2
mð1 v1Þ
s2
 ð2 v1Þnm  b1v1
 
enmy
2lðyÞ ;
Uj3mðs; yÞ ¼ isnmenmy; Uj4mðs; yÞ ¼ s2enmy; m ¼ 1;2;3;4;
Wj1lðs; yÞ ¼ 
ið1 v1Þr2jl
s
þ im1s
" #
erjly
2lðyÞ ;
Wj2lðs; yÞ ¼
ð1 v1Þr3jl
s2
 b1r
2
jlð1 v1Þ
s2
 ð2 v1Þrjl  b1v1
" #
erjly
2lðyÞ ;
Wj3lðs; yÞ ¼ isrjlerjly; Wj4lðs; yÞ ¼ s2erjly; l ¼ 1;2:
The solutions of the homogeneous half-plane can be obtained sim-
ilarly as
fSNþ1g ¼ ½UNþ1ðs; yÞfBNþ1g þ ½WNþ1ðs; yÞBpNþ1 þ ½XNþ1ðs; yÞ; ð31Þ
where {BN+1} = {BN+1,1, BN+1,2}T, and
½UNþ1ðs; yÞ ¼
s
2il2
jsj
2l2
isjsj s2
ys2þ2ð1m2Þjsj½ 
2il2s
ð12m2yjsjÞ
2l2
isðyjsj þ 1Þ s2y
24 35Tejsjy;
½WNþ1ðs;yÞ ¼ ið1v2Þt
2
Nþ1iv2s2½ 
2l2s
½ð1v2Þt3Nþ1 2v2ð ÞtNþ1s2 
2l2s2
istNþ1 s2
n oT
etNþ1y;
½XNþ1ðs; yÞ ¼ ð1þv2Þa2
is
eTNþ1 ð1þv2Þa2s2 deTNþ1dy 0 0n oT:
The stress and displacement components are continuous at the sub-
interfaces, y = hj, which states
rxyj  rxyjþ1 ¼ 0; ryyj  ryyjþ1 ¼ 0; ð32Þ
uxj  uxjþ1 ¼ 0; uyj  uyjþ1 ¼ 0: ð33Þ
Along the coating surface, y = 0, we have
rxy0ðx;0Þ ¼ qðxÞ; ryy0ðx;0Þ ¼ pðxÞ: ð34Þ
In the transformed domain, the boundary conditions Eqs. (32)–(34)
may be written as
fSjg  fSjþ1g ¼ 0; y ¼ hj; j ¼ 1;2; . . .N; ð35Þ
and
½D1fS1ð0Þg ¼ f~qðsÞ;~pðsÞgT; ð36Þ
where
½D1 ¼
0 0 1 0
0 0 0 1
 
:
Eqs. (35) and (36) are indeed a recurrence relation which, upon
substitution of Eqs. (30) and (31), may yield the expression of {Bj}
as
½Bj ¼  ½Vj11½VN½G1
~qðsÞ
~pðsÞ
 
þ ½Vj11
XN
k¼1
½Lk
 ½Vj11½VN½G1½D1 ½W1ðs;0Þ½Bp1 þ ½U1ðs;0Þ
XN
k¼1
½Lk
 !
;
ð37Þ
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½Vj ¼ ½Ujðs;hjÞ1½Ujþ1ðs;hjÞ; ½Vj ¼ ½V0½V1½V2    ½Vj; jP 1;
½G ¼ ½D1½U1ðs;0Þ½VN ; ½V0 ¼ ½V0;
½Ljðs;hjÞ ¼ ½Vj1½Ujðs; hjÞ1ð½Wjþ1ðs; hjÞfBPjþ1g  ½Wjðs;hjÞfBPjgÞ
þ ½Vj1½Ujðs; hjÞ1ð½Xjþ1ðs; hjÞ  ½Xjðs;hjÞÞ:
Substituting Eq. (37) into Eq. (30) and taking the inverse Fourier
transform, we obtain the thermoelastic stress and displacement
ﬁelds of the FGM coated half-plane as
fuxj;uyj;rxyj;ryyjgT ¼ 12p
Z þ1
1
½Mðs; yÞf~qðsÞ; ~pðsÞgT
n
þ½Nðs; yÞ eHðsÞoeisxds; ð38Þ
where [M(s, y)] and [N(s, y)] are the transfer matrices of the multi-
layered medium and can be expressed as
½Mðs; yÞ ¼ ½Ujðs; yÞ½Vj11½VN ½G1;
½Nðs; yÞ ¼ ½Ujðs; yÞ½Vj11½VN
 ½G1½D1 ½W1ðs;0Þ½Bp1 þ ½U1ðs; 0Þ
XN
k¼1
½Lk
 !
þ ½Ujðs; yÞ
 ½Vj11
XN
k¼1
½Lk þ ½Wjðs; yÞ½Bpj þ ½Xjðs; yÞ;
½Bp1 ¼ ½Bp1 eHðsÞ; ½Lk ¼ ½Lk eHðsÞ; ½Bpj ¼ ½Bpj eHðsÞ;
½Bpj ¼ ½Bpj eHðsÞ; ½Xjðs; yÞ ¼ ½Xjðs; yÞ eHðsÞ:
2.3. Singular integral equations of the thermoelastic contact problem
As for the contact problem, our concern is the surface displace-
ment components. Extracting the displacement components at
y = 0 from Eq. (38), we have
fux0;uy0gT ¼ 12p
Z þ1
1
f½mðs; 0Þf~qðsÞ; ~pðsÞgT
þ ½nðs;0Þ eHðsÞgeisxds; ð39Þ
where
½mðs;0Þ ¼ ½D2½Mðs;0Þ; ½nðs;0Þ ¼ ½D2½Nðs;0Þ;
½D2 ¼
1 0 0 0
0 1 0 0
 
:
The matrix [m(s, 0)] depends only on the elastic parameters of the
constituents of the coated system; while the matrix [n(s, 0)] de-
pends on the thermoelastic parameters. It is easy to prove
lim
s!1
smðs;0Þ ¼ #1 i#2
i#2 #1
 
; ð40Þ
where
#1 ¼ m1  1l1
; #2 ¼ 2m1  12l1
: ð41Þ
Then, Eq. (39) can be rewritten asfux0;uy0gT ¼ 12p
Z þ1
1
Kf~qðsÞ; ~pðsÞgTeisxds
þ 1
2p
Z þ1
1
ð½mðs;0Þ KÞ ~qðsÞ; ~pðsÞf gTeisxds
þ 1
2p
Z þ1
1
½nðs;0Þ eHðsÞeisxds; ð42Þ
where
K ¼ 1
s
signðsÞ#1 i#2
i#2 signðsÞ#1
 
:
If we consider the following properties of the elements of the ma-
trix m(s),
mijðsÞ ¼ ð1ÞiþjmijðsÞ; i; j ¼ 1;2; ð43Þ
and use the relationsZ 1
0
cosðsxÞ
s
ds ¼  ln jxj;
Z 1
0
sinðsxÞ
s
ds ¼ p
2
signðxÞ; ð44Þ
we can obtain the surface displacement components as
ux0ðxÞ ¼ #22
Z a
b
pðnÞsignðx nÞdnþ #1
p
Z a
b
qðnÞ½ lnðx nÞdn
þ 1
p
Z a
b
qðnÞI1ðx; nÞdnþ 1p
Z a
b
pðnÞI2ðx; nÞdn
þ 1
2p
Z þ1
1
HðnÞI3ðx; nÞdn; ð45Þ
uy0ðxÞ ¼ #1p
Z a
b
pðnÞ½ lnðx nÞdn #2
2
Z a
b
qðnÞsignðx nÞdn
þ 1
p
Z a
b
pðnÞI4ðx; nÞdnþ 1p
Z a
b
qðnÞI5ðx; nÞdn
þ 1
2p
Z a
b
HðnÞI6ðx; nÞdn; ð46Þ
where
I1ðx; nÞ ¼
Z þ1
0
m11ðs;0Þ  #1s
 
cos½sðx nÞds;
I2ðx; nÞ ¼ i
Z þ1
0
m12ðs;0Þ þ i#2s
 
sin½sðx nÞds;
I3ðx; nÞ ¼
Z þ1
1
n11ðs;0ÞeisðxnÞds;
I4ðx; nÞ ¼
Z þ1
0
m22ðs;0Þ  #1s
 
cos½sðx nÞds;
I5ðx; nÞ ¼ i
Z þ1
0
m21ðs;0Þ  i#2s
 
sin½sðx nÞds;
I6ðx; nÞ ¼
Z þ1
1
n21ðs;0ÞeisðxnÞds:
Derivative of Eqs. (45) and (46) with respect to x yields
#2pðxÞ þ 1p
Z a
b
Q1ðx; nÞ þ
#1
n x
 
qðnÞdn
þ 1
p
Z a
b
pðnÞQ2ðx; nÞdnþ
ð1þ m1Þa1
pk1
Z a
b
HðnÞ ln jx njdn
þ 1
2p
Z a
b
HðnÞQ3ðx; nÞdn ¼ g1ðxÞ; ð47Þ
(a)
(b)
Fig. 2. Schematic map of the ﬂat punch problem (a) and the cylindrical punch
problem (b).
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Z a
b
Q4ðx; nÞ þ
#1
n x
 
pðnÞdn
þ 1p
Z a
b
qðnÞQ5ðx; nÞdnþ
a1ð1þ m1Þ
2k1
Z a
b
HðnÞsignðx nÞdn
þ 1
2p
Z a
b
HðnÞQ6ðx; nÞdn ¼ g2ðxÞ; ð48Þ
where
g1ðxÞ ¼
@ux0ðxÞ
@x
; g2ðxÞ ¼
@uy0ðxÞ
@x
; Qmðx; nÞ ¼
@Imðx; nÞ
@x
;
m ¼ 1;2;4;5;
Q3ðx; nÞ ¼
Z þ1
1
isn11ðs;0Þ þ a1ð1þ m1Þk1jsj
 
eisðxnÞds;
Q6ðx; nÞ ¼
Z þ1
1
i sn21ðs;0Þ þ a1ð1þ m1Þk1s
 
eisðxnÞds:
Note that the punch slides over the coating surface against fric-
tion, generating the frictional heating, and that the relations
q(x) = fp(x) and H(x) = fVp(x) hold within the contact region
b 6 x 6 a. Therefore, Eqs. (47) and (48) can be reduced to a Cau-
chy singular integral equation for the unknown contact pressure
p(x),
 #2fpðxÞ þ #1p
Z a
b
pðnÞ
n xdnþ
1
p
Z a
b
Q4ðx; nÞ þ fQ5ðx; nÞ½
 fPe1k1
a0
Q6ðx; nÞ þ
pa1ð1þ m1Þ
2k1
signðx nÞ
 
pðnÞdn ¼ g2ðxÞ;
ð49Þ
where Pe1 = Va0/k1 is the Peclet number and a0 is the half-width of
the contact region i.e. a0 = (a + b)/2. As in Grylitsky and Pauk (1995)
and Hills and Barber (1985a), we also introduce the Peclet number
in the above governing singular integral equation for the thermo-
elastic contact problem.
The static equilibrium for the contact pressure p(x) must satisfy,
i.e.Z a
b
pðnÞdn ¼ P: ð50Þ
By introducing the following normalized quantities
n ¼ aþ b
2
t þ a b
2
; x ¼ aþ b
2
hþ a b
2
;
 b 6 ðn; xÞ 6 a; 1 6 ðt; hÞ 6 1; ð51Þ
the Cauchy singular integral Eqs. (49) and (50) may be expressed in
the following forms
 #2fpðhÞ þ #1p
Z 1
1
pðtÞ
t  hdt þ
aþ b
2p
Z 1
1
Q4ðh; tÞ þ fQ5ðh; tÞf
 fPe1k1
a0
Q6ðh; tÞ þ
pa1ð1þ m1Þ
2k1
signðh tÞ
 
pðtÞdt ¼ g2ðhÞ; ð52Þ
Z 1
1
pðtÞdt ¼ 2P=ðaþ bÞ; ð53Þ
where we have simply denoted p(n) = p(t), Qj(x, n) = Qj(h, t) and
g2(x) = g2(h) with the consideration of Eq. (51).
Eqs. (52) and (53) can be solved numerically by the method
developed by Krenk (1975). Assume
pðtÞ ¼ f ðtÞwðtÞ; 1 < t < 1; ð54Þwhere w(t) is the weight function of p(t) and may be determined as
wðtÞ ¼ ð1 tÞd1 ð1þ tÞd2 ; ð55Þ
d1 ¼ 1p arctan
#1
#2f
 
þ N0; d2 ¼  1p arctan
#1
#2f
 
þM0; ð56Þ
where N0 andM0 are arbitrary integers and are determined from the
physics of the contact problem. The index of the integral equation is
deﬁned as
j ¼ ðd1 þ d2Þ ¼ ðN0 þM0Þ: ð57Þ
In order to get the integrable singularities, j must be restricted to
1, 0 or 1. Then Eqs. (52) and (53) can be reduced to (Krenk, 1975)
XM
l¼1
wMl f ðtlÞ Q4ðhr ; tlÞ þ fQ5ðhr; tlÞ 
fPe1k1
a0
Q6ðhr; tlÞð

þ pa1ð1þ m1Þ
2k1
signðhr  tlÞ

¼ g2ðhrÞ; ð58Þ
XM
l¼1
wMl f ðtlÞ ¼
2P
pðaþ bÞ ; ð59Þ
whereM is the total number of the discrete points of f(tl) in (1, 1);
and tl, hr and wMl are, respectively, determined by
Pðd1 ;d2ÞM ðtlÞ ¼ 0; l ¼ 1;2; . . .M; ð60Þ
Pðd1 ;d2ÞMj ðhrÞ ¼ 0; r ¼ 1;2; . . .M  j; ð61Þ
wMl ¼ 2j
Cðd1ÞCð1 d1Þ
p
Pðd1 ;d2ÞMj ðtlÞ
Pðd1 ;d2Þ0M ðtlÞ
; ð62Þ
where C( ) is the Gamma function; and Pd1 ;d2M ð Þ is the Jacobi polyno-
mial of degree M.
3. The in-plane stress and temperature on the surface of the
FGM coating
Once the contact stresses ryy0(x,0) = p(x) and rxy0(x,0) = fp(x)
are obtained, the in-plane stress rxx0(x, 0) on the surface of the
FGM coating can be written as
Table 2
Effect of the number of layers N on the dimensionless contact stress ryy0(0,0)/l1 of
the ﬂat punch with a/h = 0.1 and M = 20.
N f = 0.1 f = 0.2
Pe1 = 4 Pe1 = 7 Pe1 = 4 Pe1 = 7
2 0.01428 0.01433 0.01442 0.01448
4 0.01429 0.01434 0.01443 0.01451
5 0.01429 0.01434 0.01444 0.01452
6 0.01430 0.01434 0.01444 0.01452
8 0.01430 0.01434 0.01444 0.01452
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Z a
b
pðnÞ
n xdnþ
2
#1
a1ð1þ m1ÞT1ðx;0Þ
 2
p#1
Z a
b
pðnÞ fQ1ðx; nÞ þ Q2ðx; nÞf
 fPe1k1
a0

1
2
Q3ðx; nÞ þ
a1ð1þ m1Þ
k1
ln jx nj

dn: ð63Þ
According to Eq. (16), the surface temperature T1(x, 0) can be
expressed as
T1ðx;0Þ ¼  12p
Z þ1
1
½1 0½Zðs; 0ÞfV~pðsÞeisxds: ð64ÞTable 3
Effect of number of the discrete points M on the dimensionless contact stress
ryy0(x,0)/l1 of the ﬂat punch with Pe1 = 4, a/h = 0.1, f = 0.1 and N = 6.
M x/a
0.3 0 0.3
12 0.01463 0.01407 0.01512
14 0.01425 0.01438 0.01466
16 0.01445 0.01426 0.01490
18 0.01437 0.01431 0.01480
20 0.01440 0.01430 0.01483
22 0.01439 0.01430 0.01483
24 0.01439 0.01430 0.01483
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(b)4. Examples
4.1. Rigid ﬂat punch
Consider the thermoelastic contact problem for the FGM coated
half-plane shown in Fig. 2a where the punch is ﬂat, that is
uy0 ¼ constant; @uy0ðxÞ
@x
¼ 0: ð65Þ
In this case, we have
g2ðhÞ ¼ 0; b ¼ a: ð66Þ
Note that the function p(t) has integrable singularities at t = ±1.
Thus, from the physics of the contact problem we must require that
both d1 and d2 be negative. Considering Eq. (57), we must select
N0 = 1 and M0 = 0 (i.e., j = 1). Then the numerical results can be
obtained by solving Eqs. (58) and (59).
4.2. Rigid cylindrical punch
The thermoelastic contact problem between a cylindrical punch
and an FGM coated half-plane is shown in Fig. 2b. The punch pro-
ﬁle is given by
uy0ðxÞ ¼ d0 þ x
2
2R
;
@uy0ðxÞ
@x
¼ x
R
; b 6 x 6 a; ð67Þ
where R is the radius of the punch; d0 is the maximum indentation
depth appearing at x = 0; and a and b are undetermined. In this case,
we have
g2ðhÞ ¼
1
2R
½ðaþ bÞhþ ða bÞ: ð68Þ
Because of the smooth contacts at both ends x = b and x = a, the
physics of the contact problem requires that both d1 and d2 be po-
sitive. This, by considering Eq. (57), may be fulﬁlled by setting
N0 = 0 and M0 = 1 (i.e., j = 1).
It is noted that for the cylindrical punch the solution of Eqs. (58)
and (59) must satisfy a consistency condition (Muskhelishvili,
1953),Z 1
1
SðhÞdh
ð1 hÞd1 ð1þ hÞd2 ¼ 0; ð69ÞTable 1
Thermoelastic properties of ceramic and metal.
Properties ZrO2 Ti–6Al–4V
Elastic modulus 117 GPa 66.2 GPa
Thermal expansion coefﬁcient 7.11  106 K1 10.3  106 K1
Thermal conductivity coefﬁcient 2.036 WmK1 18.1 WmK1
Mass density 5.60  103 kg/m3 4.42  103 kg/m3
Speciﬁc heat 615.6 J kg K1 808.3 J kg K1
Poisson’s ratios 0.333 0.321
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Fig. 3. The contact stress distribution of the FGM coated half-plane: (a) the ﬂat
punch with a/h = 0.1, r0 = P/2a; (b) the cylindrical punch with R/h = 100, (a + b)/
h = 1 and f = 0.3.
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Fig. 4. The contact stress distribution by a rigid ﬂat punch on the homogeneous
half-plane with Pe1 = 0.5 and f = 0.3.
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Fig. 5. The contact stress distribution by a rigid ﬂat punch on the FGM coated half-
plane for different dimensionless velocity V0 = l1(1 + m1)a1fVa/4k1(1  m1) with a/
h = 0.2, r0 = P/2a and f = 0.5.
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Fig. 7. Stress distribution on the surface of the FGM coating loaded by a cylindrical
punch for various values of Pe1 with (a + b)/h = 1, R/h = 100, and f = 0.2: (a) ryy0; and
(b) rxx0.
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Fig. 6. Stress distribution on the surface of the FGM coating loaded by a ﬂat punch
for various values of Pe1 with a/h = 0.1 and f = 0.2: (a) ryy0; and (b) rxx0.
J. Liu et al. / International Journal of Solids and Structures 48 (2011) 2536–2548 2543
2544 J. Liu et al. / International Journal of Solids and Structures 48 (2011) 2536–2548where
SðhÞ ¼ #2fpðhÞ þ #1p
Z 1
1
pðtÞ
t  hdt:
Referring to Krenk (1975), it is easily proved that Eq. (69) is identi-
cally satisﬁed. Then the numerical results can be obtained by solv-
ing Eqs. (58) and (59).5. Numerical results and discussion
This section presents numerical results of the contact stress and
surface temperature of the FGM coated half-plane acted by the
rigid ﬂat or cylindrical punch. The FGM coating is made of a mix-
ture of ceramics and metals. The materials at the bottom surface
(y = h) and top surface (y = 0) of the coating are Ti–6Al–4V and
ZrO2, respectively. The homogeneous half-plane is made of
Ti–6Al–4V. The thermomechanical properties of Ti–6Al–4V and
ZrO2 are shown in Table 1 (Fujimoto and Noda, 2001). In
calculation, the non-dimensionalized normal force P is P/l1h =
3.76  103 for the cylindrical punch and P/l1h = 1 for the ﬂat
punch. The effects of the Peclet number (Pe1), friction coefﬁcient
(f) and gradient index of thermoelastic parameters (l2/l1, k2/k1
and a2/a1) on the contact stress ryy0(x, 0), in-plane stress-1.0 -0.5 0.0 0.5 1.0
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Fig. 8. Stress distribution on the surface of the FGM coating loaded by a ﬂat punch
for various values of f with a/h = 0.1 and Pe1 = 4: (a) ryy0 and (b) rxx0.rxx0(x, 0) and surface temperature distribution T1(x, 0) on the
coating surface are discussed in detail.
5.1. Comparison and convergence studies
As mentioned above, the homogeneous multi-layer model is
used to simulate the exponentially varying thermal diffusivity
coefﬁcient in the FGM coating. Therefore, a convergence study
should be conducted with respect to the number of sub-layers N
in order to achieve convergent results. Table 2 lists the dimension-
less contact stress, ryy0(0, 0)/l1, of the rigid ﬂat punch acting on an
FGM coated half-plane for different values of N with a/h = 0.1 and
M = 20. In this example, the material parameters are listed in Table
1. It is seen that the results are increasingly close to each other
with the increase of N. And the results with N = 6 or 8 may be con-
sidered sufﬁciently accurate. So we will choose N = 6 in all calcula-
tions, that is, divide the coating into six sub-layers. These results
also indicate that the graded variation of the thermal diffusivity
coefﬁcient has a slight effect on the contact stresses.
Table 3 presents the effect of number of the discrete pointsM on
the dimensionless contact stress ryy0(x,0)/l1 of the rigid ﬂat punch
acting on an FGM coated half-plane with Pe1 = 4, a/h = 0.1, f = 0.1
and N = 6. The material parameters used in this example is the-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
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Fig. 9. Stress distribution on the surface of the FGM coating loaded by a cylindrical
punch for various values of fwith R/h = 100, (a + b)/h = 1 and Pe1 = 4: (a) ryy0 and (b)
rxx0.
J. Liu et al. / International Journal of Solids and Structures 48 (2011) 2536–2548 2545same as that used in example 1. Obviously, the accuracy of the
present results is improved with an increasing number of discrete
points. The results with M = 20 or 22 may be considered sufﬁ-
ciently accurate. Therefore, M = 20 is used in all of the following
numerical calculations.
Note that for veriﬁcation purposes, the work by Guler (2001) for
the contact problem of an FGM coating without thermal effect can
be recovered by assuming Pe1 = 0. We choose the same material
parameters as in Guler (2001) and calculate the contact stress
ryy0. Fig. 3 shows the dimensionless contact stress for the ﬂat
and cylindrical punches sliding on the FGM coated half-plane. It
is seen that the present results agree very well with the Guler’s
results.
If we neglect the effect of the material property gradient, the
present problem can be reduced to the thermoelastic contact of
the homogeneous material. Fig. 4 presents the dimensionless ther-
moelastic contact stress ryy0a/P for a rigid ﬂat punch acted on the
homogeneous half-plane with Pe1 = 0.5 and f = 0.3, where P is the
normal force. The solutions given by Hills and Barber (1985a) are
also provided for a direct comparison. Again, excellent agreement
is achieved between the present results and Hills and Barber’s
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Fig. 10. Stress distribution on the surface of the FGM coating loaded by a cylindrical
punch for various values of l2/l1 with R/h = 100(a + b)/h = 1, f = 0.2 and Pe1 = 4: (a)
ryy0 and (b) rxx0.Choi and Paulino (2008) have investigated the thermoelastic
contact between a rigid ﬂat punch and an FGM coated half-plane.
Fig. 5 presents the comparison study between the present results
and Choi and Paulino’s results for different dimensionless velocity
V0 = l1(1 + m1)a1fVa/4k1(1  m1) with a/h = 0.2 and f = 0.5. It is ob-
served that the difference between the two results is slight for a
slow velocity (V0 = 0.05), but the difference is relatively large when
the velocity increases to V0 = 0.1. This is because the heat conduc-
tion equation in the present paper is different with that in Choi and
Paulino (2008). They neglected the convective term in the heat
conduction equation.
5.2. Effect of the Peclet number and friction coefﬁcient on contact
stress distribution
Figs. 6 and 7 plot the effect of the Peclet number Pe1 on the
stress distribution at the contact surface for the ﬂat and cylindrical
punches, respectively. Note that Pe1 = 0 corresponds to the contact
problem of FGMs without thermal effect. In Fig. 6(a), it is found
that there is higher stress concentration around the trailing end
(x = a) of the ﬂat punch. With the increase of Pe1, the contact stress
distributions ryy0 tend to be markedly skewed near the leading end
(x = a) of the ﬂat punch and become attenuated. In Fig. 7(a), the-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
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Fig. 11. Stress distribution on the surface of the FGM coating loaded by a cylindrical
punch for various values of k2/k1 with R/h = 100(a + b)/h = 1, f = 0.2 and Pe1 = 4: (a)
ryy0 and (b) rxx0.
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creases and the curves become skewer for the cylindrical punch.
Fig. 6(b) shows that the magnitude of the in-plane stress rxx0 is un-
bounded and discontinuous at both ends of the ﬂat punch. In par-
ticular, the maximum tensile stress rxx0 occurs at the trailing end
(x = a) and decreases with the increase of Pe1 for both ﬂat and
cylindrical punches, see Figs. 6(b) and 7(b). The reason is that ther-
mal effect reduces the in-plane tensile stress because the in-plane
stress due to the thermal effect alone is compressive as shown in
Eq. (63). The same phenomenon is also observed by Shi (2001).
The peak tensile stress at the trailing end implies the possible site
of the thermoelastic contact damage. Therefore, it is concluded
that we can modify the thermoelastic contact damage by adjusting
the Peclet number of the coating.
Effects of the friction coefﬁcient f on the stress distribution at
the contact surface for the ﬂat and cylindrical punches are shown
in Figs. 8 and 9, respectively. With the increase of f, the stress con-
centration becomes higher in the region close to the trialing end,
and the reverse trend of stress relaxation is observed near the lead-
ing end for the ﬂat punch, see Fig. 8(a). The maximum value of the
contact stress ryy0 increases with the increase of f for the cylindri-
cal punch, see Fig. 9(a). For both ﬂat and cylindrical punches, the
maximum tensile stress rxx0 decreases sharply at the trailing end
with the decrease of f. It is concluded from these results that we-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
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Fig. 12. Stress distribution on the surface of the FGM coating loaded by a cylindrical
punch for various values of a2/a1 with R/h = 100(a + b)/h = 1, f = 0.2 and Pe1 = 4: (a)
ryy0 and (b) rxx0.can modify the thermoelastic contact damage by adjusting the fric-
tion coefﬁcient.
5.3. Effect of the gradient of the thermoelastic parameters on contact
stress distribution
Figs. 10–12 illustrate the inﬂuences of the gradient index of the
thermoelastic parameters (l2/l1, k2/k1, a2/a1) on the contact stress
ryy0 and in-plane stress rxx0 that are developed during the sliding
motion of the punch with frictional heating generation. It is as-
sumed that one of the three thermoelastic parameters is taken to
be variable and the other two parameters remain the same as
shown in Table 1. Note that we only present the results for the
cylindrical punch in this sub-section. The results for the ﬂat punch
are quite similar to those for the cylindrical punch, and therefore
are not shown for brevity.
The effect of the shear modulus ratio, l2/l1, is shown in Fig. 10.
In Fig. 10(a), the magnitude of the contact stress ryy0 increases
around the center of the contact region for the greater l2/l1. In
Fig. 10(b), rxx0 is tensile with its magnitude increasing as l2/l1 in-
creases around the trailing end; but it becomes compressive in the
other region. It is particularly noticed that the maximum tensile
stress rxx0 occurs at the trailing end and increases as l2/l1 in-
creases for the cylindrical punch. Therefore, it is concluded that-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
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Fig. 13. Temperature distributions on the surface of the FGM coating for various
values of Pe1 with f = 0.2: (a) ﬂat punch with a/h = 1, and (b) cylindrical punch with
R/h = 100 and (a + b)/h = 1.
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
0.000
0.002
0.004
0.006
0.008
T 1
k 1
/μ
1λ
1
x/h
f = 0.1
f = 0.2
f = 0.3
f = 0.5
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
0.000
0.006
0.012
0.018
0.024
Tk
1/ μ
1λ
1
x/a
f = 0.1
f = 0.2
f = 0.3
f = 0.5
(a)
(b)
Fig. 14. Temperature distributions on the surface of the FGM coating for various
values of fwith Pe1 = 4: (a) ﬂat punch with a/h = 1, and (b) cylindrical punch with R/
h = 100 and (a + b)/h = 1.
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modify the thermoelastic contact damage by adjusting the gradi-
ent of the coating.
Fig. 11 plots the effect of the ratio of the thermal conductivity
coefﬁcient, k2/k1, on the stress distribution at the contact surface
for the cylindrical punch. The maximum value of ryy0 occurs near
the center of the contact region and increases with the decrease
of k2/k1. In Fig. 11(b), the maximum tensile stress at the trailing
end becomes lower as k2/k1 decreases.
Another interesting feature is the effect of the ratio of the ther-
mal expansion coefﬁcient, a2/a1, on the stress distribution at the
contact surface for the cylindrical punch as provided in Fig. 12. It
is observed that the dependence of the stress distributions on the
variation of a2/a1 is very weak and is negligible.
5.4. Surface temperature distribution
In the above numerical results, we have solved the contact
stress at the contact surface. Then, the surface temperature can
be obtained by substituting the contact stress into Eq. (64). Figs.
13 and 14 present the effect of the Peclet number and friction coef-
ﬁcient on the dimensionless surface temperature distribution for
both ﬂat and cylindrical punches, respectively, in detail. The sur-
face temperature is normalized as T1k1/k1l1.The inﬂuence of Pe1 on the dimensionless surface temperature
distribution is shown in Fig. 13. The maximum surface tempera-
ture occurs around the center of the contact region for the cylindri-
cal punch, but occurs around the trailing end for the ﬂat punch. The
reason is that the maximum contact stress appears at these regions
for the two punches. For both ﬂat and cylindrical punches, the
maximum surface temperature increases signiﬁcantly as Pe1 in-
creases because a greater Pe1 corresponds to a faster moving veloc-
ity V that creates much more heat ﬂux on the contact surface.
Fig. 14 plots the inﬂuence of f on the dimensionless surface tem-
perature distribution. With the increase of the friction coefﬁcient
f, the maximum surface temperature increases sharply for the
two punches.6. Conclusions
This paper investigated the two-dimensional thermoelastic slid-
ing frictional contact of the FGM coated half-plane under the plane
strain deformation. A rigid punch is sliding over the surface of the
coating with the constant velocity V. The material properties of
the FGMs vary exponentially along the thickness direction. In order
to solve the heat conduction equation analytically, the homoge-
neous multi-layered model is adopted for treating the graded ther-
mal diffusivity coefﬁcient with other thermomechanical properties
being kept as the given forms. The transfer matrix method and Fou-
rier integral transform technique are employed to convert the prob-
lem into a Cauchy singular integral equation which is then solved
numerically to obtain the unknown contact pressure and the in-
plane component of the surface stresses. The effects of the gradient
index, Peclet number, and friction coefﬁcient on the thermoelastic
contact characteristics are discussed in detail. It is found that:
(1) For both ﬂat and cylindrical punches, the maximum tensile
stress occurs at the trailing end. The increase of the Peclet
number and decrease of the friction coefﬁcient can lead to
a smaller value of the maximum tensile stress. The peak ten-
sile stress at the trailing end implies the possible site of the
thermoelastic contact damage. Therefore, it is concluded
that we can modify the thermoelastic contact damage by
adjusting the Peclet number and friction coefﬁcient of the
coating.
(2) The effect of the shear modulus ratio on the contact stress
distributions is observed to be signiﬁcant. In comparison,
however, those of the thermal conductivity and thermal
expansion coefﬁcient ratios are obtained to be relatively
slight.
(3) The maximum surface temperature increases signiﬁcantly as
the Peclet number and friction coefﬁcient increase because a
greater Peclet number or friction coefﬁcient leads to much
more heat ﬂux on the contact surface.
(4) The distribution of the thermoelastic contact stress can be
altered by adjusting the gradient of thermoelastic parame-
ters of the coating. It is indicated that FGM coatings would
have potential applications in improving the resistance to
thermoelastic contact damage.
Finally, we believe that this paper can make us acquire a pri-
mary understanding of the mechanism of modifying the thermo-
elastic contact damage by using FGM coating.Acknowledgements
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